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Introduction

Geometry & Motion is an extension of differentiation and integration learned at A-level to higher di-
mensions. The focus of the course is on calculation and applying the concepts taught. As such there are
a great many definitions to commit to memory, but not many proofs. It is also very important to learn
to correctly parameterise curves, surfaces and solids. Not only does it mean you will end up with the
correct answer at the end of the question, but once you have a parameterisation more often than not the
rest of the question is just a case of carefully integrating or differentiating.

Dwight also records all of his lectures as screen casts, which are available through the undergraduate
handbook and moodle site. This should be the first place to look for course material as it is the most
relevant and up to date source for the current course, as well as further examples.

I would recommend trying to make your own summary notes from the lectured course, as this will
help you learn the material better than just looking through these, which are in fact a typeset copy of
my efforts in first year. But, these will serve as a quick reference for those who do not find summarising
notes a useful form of revision.

Note 0.1 (A note on notation). Throughout I have tried to be consistent with notation, but along the
way I may have slipped up. Where you see '(t) this means the derivative of r(¢) with respect to ¢,
elsewhere, and more usually this is denoted 7:(¢), but I'm sure you will know what I mean.

If you don’t like my notation feel free to pick your own, but be sure to explain in your work precisely
what you mean with your notation, especially if it is non-standard.

Disclaimer: Use at your own risk. No guarantee is made that this revision guide is accurate or
complete, or that it will improve your exam performance. Use of this guide will increase entropy,
contributing to the heat death of the universe. Contains no GM ingredients. Your mileage may vary.
All your base are belong to us.

Authors

This revision guide for MA134 GEOMETRY & MOTION has been designed as an aid to revision, not a
substitute for it. Written by Jack Betteridge.

Based upon lectures given by Prof. Dwight Barkley at the University of Warwick in 2011 and updated

for the 2015 course

Any corrections or improvements should be entered into our feedback form at http://tinyurl.com/WMSGuides
(alternatively email revision.guides@warwickmaths.org).
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1 Curves & Parameterisations

r:I =R T CRst. ter(t)=(2(t),y(t),2(t)) is a vector valued function of time

Definition 1.1. C C R is a curve (or path) if 3 r: I — R" continuous s.t. C = {r(t) : ¢t € I}, where T

is an interval.

Definition 1.2. The mapping ¢t — 7(t), r : I — R" is called a parameterisation of C if it consists of n

continuous functions of one variable #; z1(t),...,7,(t), called the components of r (a parameterisation

is not unique!)

Example 1.3 (Simple parameterisation). Parameterise the triangle (0,0),(1,0),(0,1) using the unit
interval.

Step 1: Draw a picture (I leave space here for you to practise this essential skill)

Step 2: Split up the interval into [0,1/3],[1/3,2/3],[2/3,1] then
(0,0) to (1,0) is just (3t, 0)
(1,0) to (0,1) is (1 — 3(t — 1/3), 3(t —1/3)) = (2 — 3¢, 3t — 1)
(0,1) to (0,0) is (0, 1 —3(t —2/3)) = (0, 3 — 3t)

Step 3: Put it all together:

(3t, 0) on [0,1/3]
r(t) =< (2—3t, 3t—1) on [1/3,2/3]
(0, 3—3t) on [2/3,1]

Example 1.4 (Parameterisation). Parameterise a helix starting at (a,0,0), ending at (—a,0,1) with
radius @ and 1.5 turns anticlockwise around the z-axis.

Step 1: Draw a picture (I leave space here for you to practise this essential skill)
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Step 2: We know a circle with radius a has parameterisation
(acost, asint), t € 10,27

This is traversed anticlockwise. To go around 1.5 times ¢ € [0, 37]. We also need the curve to climb to a

height of 1 using the same t in the z-component i.e:

t

3

Step 3: Put it all together and we have the parameterisation:
r(t) = (acost, asint, t/3m)
Alternatively we can have the unit interval parameterisation:
r(t) = (acos(3nt), asin(3xt), t)

Definition 1.5. If C is parameterised by r(t) & t is actually time then velocity is the vector:

Component by component:

w(t) = (Z?(t),...,‘@‘(t))

Speed is the magnitude of velocity, a scalar, i.e:

speed = ||v(t)]| =

ol

Acceleration is the rate of change of velocity (a vector):

a(t) := %(t)

Definition 1.6. A closed curve or loop is where 7 : [a,b] — R™ & r(a) = r(b). To rule out intersections
r(t1) # r(t2) given t1 # to unless t1,ts € {a,b}.
Definition 1.7. A curve is regular if there exists a parameterisation s.t. % is defined and non-zero at

all points, so has no corners or cusps.

Definition 1.8. Let C be a curve parameterised by 7 : [a,b] — R™ the length of C :

L(C) = /ab

Note 1.9. The length is independent of parameterisation.

dr
dt

()

Definition 1.10. Given a parameterisation of C we know 7/(¢) is tangent to C at r(t).

The tangent vector T is given by:

(1) = )

IO
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Principle normal n is:

T'(t)
"0 ]
Curvature:
Define k as curvature: Ol
T(
O )
Define p as radius of curvature: .

The binormal vector b is:
b(t) :=7(t) x n(t)

Note 1.11. k, p are scalars & independent of parameterisation.

Note 1.12. T, n, b form the Frenet basis.

Example 1.13 (Properties of curves). Find the speed, acceleration and length of the curve
C: r(t) = (acos(3rt), asin(3nt), t*) t€10,1]

Furthermore find an expression for the Frenet basis and radius of curvature.

Step 1: Draw a picture (I leave space here for you to practise this essential skill)

Velocity:
v(t) = r'(t) = (—3mrasin(3nt), 3wacos(3rt), 3t?)
Speed:
o) = || )| = +/(—=3masin(3xt))2 + (3macos(3mt))2 + (3t2)2
= \/97r2a2 sin?(37t) 4 9n2a? cos?(3mt) + 9t
= 32+ ¢4
Acceleration:

a(t) =v'(t) = r"(t) = (—97%acos(3wt), —9r2asin(3wt), 6t)
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Magnitude of acceleration:

la@®)l = [lv" @l = Ir" @)

V (=972a cos(3nt))2 + (—9m2asin(3mt))2 + (6t)2

\/817T4a2 cos?(3mt) + 81mta? sin? (37t) + 36¢2

3V 9rta? 4 4¢2

Hence:
r'(t) 1 . 2
T(t) = = —masin(3wt), macos(37t), t
O=Ton = Vmagal TG, recsGr), £
T'(t) 1 2 2
n(t) = = (—3m“acos(3nt), —3w“asin(3nt), 2t)
mta
(el VOria? + 4¢2
1
b(t)=7() xn(t) = —masin(3wt), macos(3wt), 2
(0 =7(0) < nll) = e (—rasin(3nt), Tacos(3nt). )
x (—3m2acos(3nt), —3m asin(3xt), 2t)
1
= 2tma cos(3mt) + 3t>masin(3xt),
Vr2a2 + t4/97%a? + 412 ( (3mt) (3t)
—3t>ra cos(3mt) — 2tmasin(3rt), 3n3a® cos(6mt))
(1) = L [l (]| 3Wm2a? +tt \/ m2a? + t4
o= k() [T @) 3v9rta2 + 412V 9mta? + 4¢2
Finally:
b
“ = [ Il

2 Derivatives

Definition 2.1. Let f:

of

. ,Tp) := lim

(wl,...

3 1
§7Ta <7TCL arsinh <

h—0

1
/3 m2a? + t4.dt
0

arsinh(1/ma)
/ 3n2a? cosh?(6).dh Using ¢ = wa sinh(#)
0

Ta

) 3)

R™ — R, then the partial derivative of f with respect to xy is:

Sxpthy oo xn) — fr, ..
h

7$k7"'axn)

[f(xl,..

Definition 2.2. The directional derivative of f : R™ — R at a point x in a direction v, (x,v € R") is:

(Do f)(2) := lim

Definition 2.3.

f(x + hv) — f(=)

h—0 h
Vi(z):= <8aai(m)’ e ;il(a:))

A useful approximation is: f(x + h) =~ f(x) + h -V f(x)
So (Duf)(x) =v-Vf(z) = [[v][[|[Vf(x)] cost
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¢ = 0 gives maximum gradient, § = 7 gives minimum gradient, § = 7 £ § gives the direction for level

curve.

Definition 2.4. Tangent plane:
m(x): (r—z) -Vf(x)=0

Definition 2.5. The chain rule:

One dimension: y
o (D) = f1(h(B) - K'(2)
Multivariable: If r : R = R", f: R®” - R, let g = for, then forn =3

d _d B dl afdx dey 8fdz
590 = 2 f(r(@) = VI(r®) ) =2 oydt "oz dr

or more generally:

af dx;
dt Z Ox; dt
3 Area & Volume

Definition 3.1. Area under curve f:

b
Area = nlgr;Zf x;)Ax; = /a f(z).dx

Definition 3.2. Volume under surface f:

Volume = nh_)rr;to z;)AA; = //Q f.dA = /Cd (/ab f(x,y).dx) .dy

Integrating f over a 2D area with limits:

b ph(x) n(y)
V= / flx,y).dy.dx / f(z,y).de.dy
adg(z) £(y)
o . a<z<b, o CEy) <z <nly),
where: Q = {(Jc,y) ' g(z) <y < h(z) } where: Q) = {(w,y) : c<y<d

Note 3.3. Area = [, .dA

lim z: F(x)AV; = / / /Q £V = / E/C(i/:f(x,y,z).dz.dy.dx

Integrating f over a 3D volume with limits:

h(z) n(%y)
// f.dV:// / flz,y,2).dz.dy.dx
Q aJdg(z) JE(x,y)

We also have:
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a <

where: Q = ¢ (z,9,2):  g(2)
&z, y)

Note 3.4. Volume = [[[,,.dV

x
Y
z

INIAIA

bv
h(z)
n

<
< (z,9)

Definition 3.5. Centre of Mass: For a body with density p(x,y, z), let

i [ e

T =

7= J]], e

y=~ yp-
M Q

e
- o

rcom = (7,7, 2)

where

Then the centre of mass is

4 Polar & Spherical Coordinates

Definition 4.1. Polar Coordinates (r, 6):

AA = ArAbr

V= / H/ £(r,0)r.dr.do

Definition 4.2. Cylindrical Coordinates(r, 8, z):

SO

AV = ArAO0Azr

V:/e/r/zf(r,ﬁ,z)r.dz.dr.dﬁ

Definition 4.3. Spherical Coordinates (p, 8, ¢):

SO

T = psin¢cosf
y = psin¢sin b

zZ = pcos ¢

SO
AV = ApApAbp? sin ¢

///S2 f'dV:/d)/e/pf(p,9,¢)pQSin¢.dp.d9.d¢
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Example 4.4 (Triple integrals and spherical coordinates). Find the mass of the following region

Q:{(x,y,z)eR:x2+y2+z2§5, 2?4 9? < 22, 220}

given that its density is given by
flay,z) =2 +y* +2° +1

Step 1: Draw a picture (I leave space here for you to practise this essential skill)

Step 2: Notice from your picture that this is just a portion of a sphere and hence it may be best to
use spherical coordinates.

Step 3: Reparameterise the domain using spherical coordinates

Qz{(ﬁ,%p)ER:Ogé’gQW, O§<p<%, O§p§5}

Step 4: Reparameterise the density function

f0.0.0) = flp)=p"+1

Step 5: Integrate

///Q fav = /O% /OW/4 /050’2 +1)p? sin().dp.dep.d6

Notice we can split the integral

27 /4 5
= / .d@/ Sin(go).dcp/ pt+p’dp
0 0 0
5

w/4 5 3
- el £ 5]
0

2000 (2 —V2)
3

5 Transformations & Generalised Coordinates
2D Case: 9 :R2 5 R2 o:T = Q, (u,v) — (2(u,v),y(u,v)) now

Oz Oz

_ o o
AA = |det aiyl ai
ou ov

AulAv
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SO:
dz Oz
/sz/fwwmw%z;g>
JUuvy, ou ov
r
Denote

which is called the Jacobian Matrix

3D Case: 9 :R3 - R3 o:T —Q, (u,v,w) — (x(u,v,w),y(u,v,w), z(u, v, w)) now

AV =

det <g(x,y,z)) ‘ AuAvAw

(u, v, w)

= Lot

O(u,v,w)

6 Line Integrals

.dv.du

) |det (6(37 Y, 2) ) ’ dw.dv.du

Definition 6.1. The arclength parameterisation (or natural parameterisation) is a parameterisation

r(t) of a curve C s.t. Vs € [0,T] where £(C) =T we have

d S
& [ irola= £

= [Ir'(s)l[ =1

Note 6.2. When integrating, we often denote integrating with respect to an arc length parameterisation

by ds = ||#(t)||.dt, where 7 : [a,b] — R™ is any parameterisation of a curve C and 7 : [0,7] — R™ is the

arclength parameterisation of the curve C i.e:

[ras= [ sonas= [ seonrora

Example 6.3. Recall for a curve C with parameterisation r : [a, b] — R™:

LWMMM
0e) = /C ds

ds = || (£)].dt

So now we are free to denote

where

denotes integrating with respect to the arc length parameterisation.

Definition 6.4. Let f : R” — R & C C R" be a curve with a parameterisation r :

[a,b] — R™, the
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line integral of f over C is

/fds—/f Dlir’ (1)t

Example 6.5 (Scalar line integral). Evaluate the line integral for a function

fla,y) =a® +y°

along the path
C: r(t) = (t,1t) t €10,1]

Step 1: Calculate 7/(¢) and hence ||7/'(t)]|
r'(t) = (1,1)
I~ ()] = V2

Step 2: Use this to calculate the line integral

| s / Pl (1)t

/Of(t,t)\/i.dt
= \/i/olztz.dt
= 2V2 [ir

0
2v2
3

Definition 6.6. Let v : R™ — R™ & C C R™ be a curve with a parameterisation 7 : [a,b] — R™. The

line integral of the vector field v over C is

/c'u.dﬂz/abv(r(t)) () dt

The line integral differs only by the direction r traverses C i.e: by a factor of —1.

Definition 6.7. Gradient Fields are vector fields with the property that v = V f for some f: R" - R

Theorem 6.8. Fundamental Theorem for Line Integrals of Vector Fields: Let C be a curve in R", r
[a,b] — R™ with endpoints @ = r(a), b = r(b) & let v be a gradient field i.e: v = Vf. Then

[ vie= 1)~ (@
C

i.e: The line integral of a gradient field depends only upon the end points and not the path taken.

CorY 6.9.
%'u.dﬂ =0 <= v is a gradient field.
c

Where f denotes integrating over a closed curve.
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Example 6.10 (Vector line integral). Evaluate the line integral for a vector field

v(z,y) = (2z,2y)

along the path
C: r(t) = (cost,sint) t € [0,2n]

Step 1: Calculate /(t), remember we don’t have to calculate ||7/(¢)|| here
r'(t) = (—sint, cost)

Step 2: Use this to calculate the line integral

2
/C'v.df Fo@)-r'(t).dt

0

27
= / v(cost, sint) - (—sint, cost).dt
0

2
= / (2cost, 2sint) - (—sint, cost).dt
0

2
= —2costsint + 2sintcost.dt

(=)

Note 6.11. v = Vf where f(z,y) = 22 + y* and C is a closed curve, so we could have arrived at this
result far quicker if we had used the fundamental theorem of line integrals. This is very useful to notice

in an exam!

7 Surface Integrals

Note 7.1. For curves we have: r: I - R", I =a,]
For surfaces: 7: Q - R" Q= [a,b] x [¢,d]

Definition 7.2. The tangent plane to a surface r at the point (ug,vo) is given by: p : R? — R3
(h, k) — R3, where

0 0
p(h, k) = r(ug,v0) + ha—Z(uU,vo) + ka—Z(uo,vo)

Definition 7.3. The normal vector to the tangent plane is given by

L P
Ou Ov I

Definition 7.4. For f : R?® — R, the surface integral for a surface S, parameterised by r, is

Jfras=]] f(r(uw))’

Example 7.5 (Surface integral). Find the surface integral of

or Or
7X7

70 < 30 du.dv

flx,y,2) =2
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over the upper unit hemisphere.

Step 1: Draw a picture (I leave space here for you to practise this essential skill)

Step 2: Notice from your picture that this is just a portion of a sphere and hence it may be best to

parameterise using trigonometric functions.

Step 3: Parameterise the surface

S: r(6, ) = (cosfsinp, sinfsinp, cosp) 6 €10,27], ¢ €[0,7/2]

Step 4: Evaluate the partial derivatives with respect to each of your parameters

% = (—sin#sin p, cosfsinp, 0)
0
a_ (cos @, cos ¢, sinfcosp, —singp)

e
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or

Step 5: Calculate ‘ 56

or
a0

or

O

cos fsin® p, —sin@sin® p, — sin pcos p) ||

= \/(f cos fsin? )2 + (— sin @ sin? )2 + (— sin @ cos ©)?2

= \/cos2 6 sin* o + sin” #sin® ¢ + sin? ¢ cos? ¢

= \/sin4 @ + sin? @ cos? @

= sing since sin is positive for ¢ € [0, 7/2]

Step 6: Use this to find the surface integral

/ [ f.ds

dp.db

[ seoon]5

2w
/ / f(cosB@sinp, sinfsinp, cosp)sinp.dp.db
o Jo

27 pm/2
/ / cos psin p.dp.dd
o Jo

Notice we can split the integral

1 27 /2
= f/ .d9/ sin 2¢p.dy
2 Jo 0

1 /2

1
= 5 2 [—2 cos?go}

0

I
3

Note 7.6. Area of S is given by

Definition 7.7. Let v : R? — R® & S C R3 be a curve with a parameterisation r

flux integral is given by:

where

hence

J= ]

@ X ('97°H .du.dv
uw  Ov

J[o-nas

8r><@
ou Ov

A = %X% ds =
[155 < 3517

//'v f.dS = // (8r 8r>dudv

.du.dv

Example 7.8 (Flux integral). Find the flux of the vector field

’U(l’,y) = (_4y7 Z, 0)

through the upper unit hemisphere.

= ||(—sin@sin¢g, cosfsing, 0) x (cosd,cosy, sinfcosp, —siny)||

= |-
= [l(-

cos fsin® p, —sinfsin® ¢, —sin® #sin @ cos @ — cos? Osin p cos ) H

: 0 — R3.

The
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Step 1: Notice that steps 1-5 will be identical to the previous example, but we don’t need to find the

magnitude of the cross product. Again, it will save time in an exam if you spot things like this.

Step 2 (or 6): Use previous work to calculate the flux integral

27 pm/2
[[vnas = [
S 0 0

27
/ / v(cosfsin g, sinfsinp, cosy)

— cos fsin® p, —sin@sin® p, —sinp cosp).dp.dd

2m
/ / (—4sin@sin® o, cosfsin? @, 0)

—cosfsin® p, —sin@sin® p, — sinpcosp).dp.dd

2
/ / 4sin 6 cos 0 sin® p — sin O cos O sin® ¢.dyp.do

Notice we can split the integral

27 /2
— / 3sint9(;ost9.d0/ sin® p.dp
0 0

3 27 /2
= 5/ sin 29.d9/ sin ¢ — cos? psin @.dy
0 0

3 2m 1
= 3 [COSQ@}O [cosaerg
=0
= 0
8 Critical Points
When Vf =0, let
_ ﬁ( ) _
= 9zz T -~ 0z0y

fis a maximum at xg if D >0& A <0
fis a minimum at @ if D >08& A >0
f is a saddle point at ¢ if D <0

If D =0 at xo no conclusion can be made about f(xo)

Here is a duck:

2
(330), C= %(110) & D= AC—32
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