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1 Maxwell Equations

Electromagnetic theory is essentaily a studium of Maxwell equations under different circumstances. As such,
we first need to understand the easiest form of Maxwell equations and then get to the more complicated
variants.

It should be said that the Maxwell equations are not a complete theory, but it is the most complete theory
of electromagnetism that does not use quantum mechanics. It is compatible with special relativity and
historically one of the most important theories developed. As such, many concepts from the theory are
then inherited by other field theories.

1.1 Differential Form of Maxwell Equations

The differential form of Maxwell equations will be our starting point. The Maxwell equations are 4 linear
first order partial differential equations for two vector fields, E(7,¢) and B(7,t), where 7 is a position vector
and ¢ is the time. The equations read as

v.E="L (1)
€0
where p is the charge density of so free charges ("real” charges, this concept will be explained later) and €
is the permitivity of vacuum. This equation is also called the Gauss’s law.
The second equation is

V-B=0 (2)
The third equation is
- 0B
VXE=—— 3
X 5 3)
which is also called the Faraday’s law.
The last equation is
= = OE
V x B = ugj +'u0€0§ (4)

which is also called the Ampere’s law and where pg is the permeability of vacuum and 3 is the vector
current density of free currents.
These equations predict the forms of fields B and E, but do not tell anything about mechanical behaviour
of particles in such fields. To insert the mechanical behaviour inside this formalism, we use the Lorentz
force formula

F=q(E+7xB) (5)
where F is a force acting on a point particle of charge ¢, travelling with velocity v.
These equations together will form a basis on which we build the electromagnetic theory. Obviously, this
course does not explore much of the theory, as its reach is very big. However, we try to cover some
fundamentals of the theory.

1.2 Integral Form of Maxwell Equations

The Maxwell equations can be integrated to obtain their integral form, instead of their differential form.
This form is usually more useful when trying to determine the fields from specific source distributions (that
is charge and current distributions), but is less useful when trying to understand behaviour of the fields in
more detail.

We start by integrating the first equation. For this, we assume that the free charge density is bounded by
some region V. Now suppose we do an integral over this region V' of both sides of the first equation, i.e.

/V~Ed3r:/ L
v v €0

where d®r is the element of the volume V and we dropped the triple integral sign (the order of integral
should be clear from the differential). Then, using vector Gauss’s law, we have

/V-Ed?’r: E - d*F
v av
where 9V is the boundary (surface) of the volume V and d?7 is the element of this surface, pointing

outwards from the volume. The integral is over a closed surface, since the volume V is enclosed by its
boundary.
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We can also usually assume that ¢ is constant. Then

1
£d3r = —/ pd®r = Q
Vv €0 € Jv €0

where @ is the total charge inside V. Thus, we have

ﬁvﬁ'dQF:Q (6)

€0

this means that the flux of the electrical field E out of a closed volume V depends only on the charge
contained in the volume V.
For the second equation, we again do a integral, but this time over any volume V', to get

/ V- Bd*r =0

.

j'{ B-d*r=0 (7)
oV

This means that the flux of a magnetic induction field B out of a closed volume is always zero. This can be
also interpreted as inexistence of magnetic monopoles. For example, free charges are magnetic monopoles,
and the flux of the electric field from a closed volume is dependent on the amount of electrical monopoles in
this volume. The second Maxwell equation predicts inexistence of any analogue of charges for magnetism.
The third equation can be integrated over some open bounded surface S to get

" OB
E)-d*f= | —— - d*F
/S(Vx ) r /s 5 7

/(VXE)~d2F:7{ E - dF
S oS

Where 0S is the curve creating the boundary of S. Since we integrate only with respect to position, the
time derivative on the second side of previous equation can be taken in front of the integral. Therefore we

have 5
E-d?z——/éwﬂf 8)
%‘93 ot Jg (

This is the more familiar form of Faraday’s law, as integral of the electric field over a closed curve must be
the electromotive force, creating currents in the materials. We can therefore already see, that if the fields
are changing in time, they are bound together - one cannot exist without the other.

The last Maxwell equation can be integrated the same as the previous one

@Byt [ (M) &
N . 0E
?{ B~dF:/u0 <j+egat> d*F (9)
oS S

We can see here that eo%—]f has dimensions of current density - it is usually called the displacement current
density, and it is the part that was originally added to the Maxwell equations in order to make them more
symmetrical and compatible with charge conservation.

These are the integral forms of Maxwell equations.

Using Stokes’ theorem

1.3 Continuity Equation

Consider now taking the divergence of the 4th Maxwell equation

—

- OE
V- (VxB)=V: (Mo] +M0608t>
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In cartesian coordinates, the divergence of a curl of a general vector field ¥ is

G0 (P 0w\, 0 (0n OuN, 0 (0u, 0w
v.(vxv)_6m<8y 8z>+6y<82 8m)+62<6m 8y>

v, 0%, 0%, v, 0%, Dy,

Vo (VX o) = dxdy B Oyox * 0yoz B 020y + 0z0x  0xdz

Since it does not matter in which order we take the partial derivatives, we arrive at
V-A(Vx7)=0 (10)

Since this is a result irrespective of coordinate system, it applies always. Therefore, the divergence taken
on 4th Maxwell equation leads to (assuming po and € are constants)

. - OF
V<VXB):0:MOVJ+MOGOVE
Since we can exchange the partial derivatives order, we can write (dividing by uo and shifting V -]_"to the
other side of the equation)
0 - -
ZV-E=-V.j]
€0 ot J

Using 1st Maxwell equation
0 - 9 p Op

o=V EFE=e¢——=—
0t 09t eq Ot
since €qg is assumed to be constant. Therefore, we arrive at
dp -
L _v.j 11
5t J (11)

which is a form of continuity equation. In this context, it states that the current density is the density of
flux of charges, and that charges are always conserved. This can be better seen from the integrated variant
of the continuity equation. Again, integrating over some volume V', we have

Ip / 23
—d’r=— [ V.jd’r
/vat 1%

Using vector Gauss’s law and taking the time derivative in front of the space integral

IR R
— [ pd’r=— J-der
ot Jv ov

And thus

where @ is the charge within volume V. This is the integrated form of the continuity equation.

1.4 Poynting Theorem

We now included the integral versions of all the equations, with the exception of the Lorentz force equation.
But, even this equation can be integrated, although in a slightly different way.
We will start by looking at the element of work done by the Lorentz force, dW. The element of work is
defined as

AW = F - dF

where 7 is the change in position of the particle on which the force is applied. In our case, this change can
be expressed in terms of velocity of the particle ¢ as

dr = udt

where dt is some element of time. Consider now a set of point charges dq, described by charge density p in
the space. From definition of density, it follows that

dq = pd’r
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Hence, the Lorentz force on this element of charge is
F=dq(E+7x B)=p(E+7x B)dr

So
AW = F - Gdt = p(E + ¥ x B) - od®rdt = p(E - 5)dVdt + p((¥ x B) - ¥)d°rdt

Since 7 x B L ¥ (from definition of vector product),

(Tx B)-7=0

And therefore, the element of power dP = ‘{TVtV due to a one charge pd>r is

dp = % = p(E - 7)d*r

we therefore see that the power and/or work is only done by the electric field - the magnetic field does not

change the energy of particles.
Integrating over the whole volume of the charge density p, we get the total power due to the field

= 53 dPr
Pf/vp(E )d (13)

But, we can explore further, if we consider that at every point, the current density is simply
(14)

J=pv
This will be a first of many so called constitution relations - relations that are more definitions than real

laws, however they make solving Maxwell equations much easier. Then

P:/ E-jdr
14

Using the 4th Maxwell equation to express ; as
L1 ~ 9E
)= —V X B —¢€—
! Ho ot

we have

L (1 . E 1 = " . OFE
P:/E- —VxB—eoa— dST—/—E~(V><B)d37“—/eoE-a—d3r
174 Ho at v Mo 1 8t

We now need to establish two more vector indentities. First, consider two vectors @ and b. In cartesian

coordinates
0 = 0 ol da b oa 0b da
(@ b) =+ a:b;E b zbz = Qg - wbm - —Zb z - sz
g1(@ b = gylashe T ayby +azbe) = ar T+ Z5be +ay T+ T by ez T+ T
But, this can be reexpressed as
9, = ob  oa -
~(G@-b)=q — 4+ —. 1
gpld V) =gy gt (15)
For a special case when @ = b then this becomes
J,. . 0 . oa
—_— = — = 2 [—
'@ D) = Gld" =27
Therefore, we can say that
E- 9F = 1Q|E|2
t 20t
And thus .
1 — — - E -
P:/ —E-(V x B)d3r—/ B 15,
v Mo v 2 Ot
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The second vector identity we need to establish is the value of divergence of a vector product of two vectors,
i.e. V- (d xb). In cartesian coordinates

- 0 0 0
V- (@xb)= 2 (ayb, — azby) + % (azby —azh,) + 5 (azby — ayby) =

_yp, (0% Oay Oa, _ das ay  daz )

_bl<8y 8z>+by(8z 8x)+bz(8x 8y)
O Ob (b 00N (0, b
dy 0z Y\ 0z ox “\ oz oy )

=b-(Vxa)—a-(Vxb)

Therefore .
V-(@xb)=b-(Vxad —a- (Vxb) (16)

Therefore, we can express

From the 3rd Maxwell equation

- 0B
EF=_22
V x 5
And thus .
. . . OB L.
Applying to the first term, we arrive at
- ~ 10|B|? - =
E- =—= -V (ExB
(Vx B)=-3"2L — v (Ex B)
And therefore
1 5 = 1 9|B)? E|?
P=— —V~(E><B)d3r—/ 78\ | +i°a| | d3r
Assuming that po and €p are constants, we then can use vector Gauss’s law to derive
1 o 0 1 = €, =
P=—-— ExB-fﬁ—/(BQ+Eﬂd% 17
[0 av( ) ot Jy \2u0 | 2| | an)

where d?7 is a element of a closed surface 9V pointing outwards. We can therefore see that the power on
a particle from the field depends on two factors - first is the change in time of the energy densities of the
fields themselves, which are clearly %)|E |2 and ﬁw? |2. The other part is a directional energy transport.
For this transport, we define the Poynting vector as

5:34Ex®
Ho
and this vector determines the direction of energy transport by the wave. The fact that the power is
proportional to the negative integral over the volume simply states that the power transferred by the wave
is proportional to the integral of component of S incident on the surface 0V, pointing inwards.
Therefore, we can interpret the Poynting vector as an intensity vector of the electromagnetic field.

1.5 Electromagnetic Potentials

For a stationary magnetic field, the 3rd Maxwell equation leads to electric field being a conservative field,
and therefore we can find a scalar potential that describes it. But, we of course want to be able to describe
even changing fields. In order to create some form of potential that applies generally, consider the second

Maxwell equation .
V-B=0

As we have shown in , this applies automatically if

B=VxA (18)
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where A is some vector. This vector is called the vector potential, and can be found always for any magnetic
field. Therefore, it is much more general than the scalar potential.
We will now try to find the electric field in terms of this vector potential. From the 3rd Maxwell equation
. B .
VxE=—-——VxA
ot
- 0A
Vx|E+—]=0
Therefore E + % is a conservative field, and therefore it is equal to the gradient of a scalar field. To see

this, consider a gradient of a scalar field V f. Taking the curl in cartesian coordinates
) ~ ( oodf 00 f) -

o 0f 0 9f\- g%_ﬂg odr 00of
! 0z 0x 0Ox 0z Or dy Oy ox

VX (Vf)= <8y 0z 0z 0y

But because we can interchange the order of partial derivatives

Vx(Vf)=0
—V®, as ® in this case has common interpretation as scalar

(19)

Usually, we choose rather function V(—®)

potential for stationary B field. Therefore
(20)

oA

E=-Vd—- —
ot
Now, we can redefine the theory of electromagnetism using only vector and scalar potential. To do this,
consider the 1st Maxwell equation
v.E=L
€0
Substituting in for E
oA
v <—vq> - ) =L
ot €0
0 P
V2o + -V -A=-= 21
+ ot €0 ( )

The 4th Maxwell equation becomes
y . P o
V x (V X A) = o) +€0M0a (—V(I) - 8tA>

Now, we need to prove yet another vector identity - we need to find expression for curl of a curl of a vector.

To do this, consider the x component of vector ¢/
(2w D) o (2 (O e 0 (du 0n\Y_
(Vx(va))x—<ay(va)z az(vxv)y>_<3y<8x 8y> 82(82 8x>)_
% + v, _ 0 + 872 + iQ Vo =
oy 022) "

02?2

0%y N 0%v, B 0%v, B v, 9 (v, N
 Oxdy  Oxdz  Oy? 022 Oz \ Oz Oy 0z
= (V(V-9)), — V0,

Since this can be done for any component of the resultant vector, we have
V x (V x ¥) = V(V - 7) — V7

Therefore, in the case above
B Sl ob  9?A

CA) = V2A = g -V— - —
V(V-A4) -V oJ + Ho€o ( v 5 9 )

Therefore, we have
0P PA . S
NOEOVE + Hofo 3 + V(V-A) = VA = poj

Which can be reordered as
0%\ » - O .

9 -

(V - 60#08t2) A=V (V A +M06078t ) = —HoJ]
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1.5.1 Gauge Transformations

In derivation of the form of electric field in terms of potentials, we used the fact that V x (Vf) = 0 for
some scalar function f. But, this means that if we add gradient of some scalar function A to the vector
potential A, the magnetic field remains unchanged, as

B’QZVX/YQZVX(AH#’VA)ZVXAH:BH

However, this transformation changes the electric field. To see this, we use ([20)

- dA, A, _OA N\ 04,
Ey=-Vd;— ——=-VPy— — —-V—=-V [P+ — | - —
2=V, Ve =5 Vo v<2+8t> ot
If this is to be equal to
94,
E,=-V& — —
1=V
we clearly need
oA
Dy =P — —
2 1"
Therefore, we have a pair of transforms that do not change neither the electric nor the magnetic field
{, = A, + VA (24)
oA
by =P — — 25
2 15 (25)

These trasforms are called the gauge transforms and A is called the gauge.

1.5.2 Coulomb Gauge

Suppose that we now choose stationary A. Then, &3 = &1, and we are only changing the A field. With
reference to previous equations, we would achieve great simplification if we could choose A such that
V-A = 0. Consider now that we have some A; for which V - A, # 0. We than perform a gauge
transformation with stationary gauge A so that V - Ay = 0. This means that

V.- (A +VA) =0

VA= -V A4,

This is a Poisson equation and it can be solved for every specific /Yh but it is not attempted here. We are
content with the possibility that there usually exists some gauge that enables us to set divergence of vector
potential to zero.

The gauge that performs this is called the Coulomb gauge. Under the Coulomb gauge, the potential

Maxwell equations become
p

V2 = — (26)
€0
and .
- 0 0A -
V?A — | =V®— — | = —poj 27
+/l0€06t < 8t> HoJ (27)
Furthermore, for a stationary fields, this becomes system of four poisson equations
vip =L
€0
V2/T = —ﬂoj
Which has solution ~
(I)(,F) _ p(’l") _ d3,r/
v dmeg| — 17|
Z 0
A(’F) _ MOJ(TZ d37“/
v Arw|7 — 1|



PX2683 - Electromagnetic Theory € Optics Formulae list and derivation

To check that this is indeed a solution, we take the laplacian

V2P — v2/ GO
v dmweg|F — 1’|

Since the integration is with respect to 7" and the laplacian with respect to 7, we can move the laplacian

iside the integral
-
V2<I>:/ P(T)vz 1 &3
v dmeo |7 — 7|

1

7=

We now need to determine the value of V2 ( ) While doing so, we must remember that for the point

o= 7, the function f = is not defined. Therefore, the behaviour of V2 f at this point might be weird.

1
~ |7—r7|
For case when 1’ # 7, in cartesian coordinates

1 1
VQ e :V2 =
(IF—T’|> <\/(x—w’)2+(y—y’)2+(2—2’)2>

_ @ (o - ) 0 (v—v) )
Oz (z —2')2 + (y —y)2 + (= )22 Oy ((w— ")+ (y—y)? + (2 - #)?)
0 (z—2")

Ox ((w— a2+ (y—y)2+ (= =)2)F
D e Ut et s LA a0t . Gl VA iR A G CRt O
(=2 +W—y)2+(—-2))>
(=2 + W=y + =) - —v)3VE—2P+ -+ (-2 —y)
(=2 +(y—y)+(z-2))?°
N S V) Gt L G V) VGl - GO W
(=22 +—-y)?+(z-2))°
3= = [ —aP+ = y)P+ (=) 3=y — [ =P+ =y + (= 2V
(=224 W—-y)?+(z-2)) (=2 +(@y—y)+(z—2))%
Bz =2 [z —a)’+(y—y)+ (- 2)
(=) + (v + (s~ )8

8

_|_

+

ot |

+ =0

Therefore, V2 (

the nature of this function at the point =7 We expect that the function will diverge, as

) = 0 everywhere where 7 # 7. We will now try to use vector Gauss’s law to determine

|7—r7]
Fi’l diverges
at this point. Therefore, if the function is normalizable, it has identical behaviour as Dirac delta function
- it diverges at one point, it is normalizable and it is zero everywhere. To check the normalizability

1 .
/ v? — d3r' < 0o
VeV |7 — /|

Since V? (

) is zero everywhere but at v’ = 7, we can choose an arbitrary volume of integration V', so
we conviniently choose sphere centered on 7.
Using Gauss’s law

/ v? 14 d3’:/ vv% d%':f \V/ L A2
VeV |77 — 7] V,FeV |7 — 7] v |7 —r |

But, since we chose a sphere around 7, the integrand of the last integral is defined on the whole surface of
integration. For this range

V( 1q>:_ (z =) P (v —1) i
|7 = 7’| (x =22+ (y—y)2+ (=) (@—)2+y-y)>+(z-2)?)2

|71
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(== 7) ,

(0= + =)+ (= 2

So, in the range where it is defined
1 S
V[——)=-1"1_ (28)
|7 — 7] |7 — |3

fv L .d2ﬁ:f J?_T: - d2r
av |7 — 7] oV |77 — 7]

Since 9V is a spherlcal surface centered around 7, we can now switch the coordinate system to spherical
polar coordinates " around origin at 7, which leads to

7 2w 15
)d%_fgv( |:~|s> L= // Ter” r"")? sin Odpdf =
™ 2m
—/ / sin fdgdf = —27 [cos 0]°. = —
o Jo
= 0 oo 1
V’I’/#TZV ——— :0
|7 — ']

- 2 1 3,0
VV,TQV:/V — | d°r" =0
1% |7 — /|

. 2 1 3,
VV,TEV:/V — | d°r' = —4~x
v |7 — /|

This means that we can establish identity

Hence, in our case

-
/

]{ F—r
)% |F7

This means that

and

and

v? (ﬁ) = —Axb(F — 1) (29)

77

where 8(7 — /) is the Dirac delta function.
Hence our potential equation becomes

Vi = / @(—47&(?7 ))dr = _lr)

v 4meg €0

which is our initial equation. The same can be done even for each component of the vector potential.

1.5.3 Lorenz Gauge

Lorenz gauge is a different gauge that sets

. 0P
V-A=— pudind
Ho€o ot
This leads to Maxwell equations in form
%P p
Vo — — = —=
Ho€o 12 o

2 1 .

- 0
V2A - MOEOW = —HoJ

These equations are naturally decoupled, which makes the calculations relatively easy. We however usually
choose the Coulomb gauge, as for the static case, it is much easier to work with. We can also note that both

10
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potentials under this gauge are wavelike, but with sources. This leads to general solution for the potentials
in form of

7

_;,t— |F_T|
@(F,t)=/ P ) oy
\4

4meq

And

. Z(ot t— |
A(F,t)z/ polrot = o) oy
\%

Are|7 — 7|

But, if we are solving for a system of relatively small dimensions, we can approximate this by saying
t— M — t, and thus we obtain the solution as for static case - we can therefore find approximate

solutions for A in the same way as for static E in Coulomb gauge. This will be used extensively in following
sections.

1.5.4 Lorentz Force and Canonical Momentum

We can also reformulate the Loretz force formula in terms of potentials.

L dp q ﬁ A .
F:%:q(E+UxB):q(—V<I>—8a—t+ﬁx(VxA))

To progress, we need yet another vector identity. This time, we want to determine the value of @ x (V x b).
Again, we will determine the value on one component, and argue that this can be generalized for all
components. For the x component

(@ x (V % B)) = ay(V x D). — as(V x B)y = ay (aby - 8bw> . (8’)@ ‘%2) _

dr Oy 0z Oz
0 0 0 0 0 0 0 0 0 0
= ayaizby + az£bz — (a/yay + azaz> bw = az%bw + ayaby + az%bz — (awax + ay87y + azaz) ba;
‘We should also consider the sort of inverse relation
- R 0 0 0 0 0 0
(b X (V X a))x = bm%a@ + by%ay + bZ%aZ — (bxax + byaiy + bzaz> Ay
If we add these two together, we obtain
. . 9 - .
(@x (Vxb)e+(bx(Vxad), = a—x(@’-b)—(@V)bI—(b-V)aw =
= (V(@-b))e = ((@- V)b)o — ((b- V)i)s
Therefore, we have vector identity
V(@-b)= (@ -V)b+(b-V)a+ax (Vxb)+bx (Vxa) (30)

Hence, in our case

Tx (VxA) =V(7-A)— (7-V)A—(A-V)T— A x (V x7)

We will now assume that ¢’ does not depend explicitly on position (this does not mean that ¥ cannot change
with position, only that this change is describable in terms of other variables). Then

Ax(Vxd)=0

and
And therefore

Hence, the force equation becomes

% —q (—ch— oA _ (7-V)A+ V(- *))
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But, since A only depends on ¢, z,y, z, we can recognize the convective derivative as

dA 04 ,
_—— U - A
a o V)
And thus we have .
dj dA
w_ e F-A-
o = g Tav(@ )
Since ¢ is constant (charge conservation)
d, - -
(F+qA) = =V(q® —qv- A) (31)

dt

This is the canonical equation of motion.

1.5.5 Biot-Savart Law

We have seen that the magnetic induction field can be expressed as B = V x A and that for fields in
relatively small areas

Hence, we can derive

B} i} T e
B=VxA=Vx /Md?’ﬂ TR (GO
v 4m|7F — | v 4m |7 — 7]

But, for any vector ¥ and scalar function f

o vaz_afv N 8fvm_8fvz N dfv _afvz
VX(fv)—(ay 6zy>2+<8z 8x>j+(8xy oy

)/%:f(vXﬁH(Vf)xﬁ
So
V x (f8) = f(V xT) + (V) x T (32)

Hence, if ¢ is constant with 7
Vx (fv) =(Vf)xv

In this case, since j(r') only depends on 7/

Using

And thus

B = / @wd%/ (33)
v !
which is known as the Biot-Savart law.

1.6 Electromagnetic Waves in Vacuum

To find the wave equation hidden inside Maxwell equations, we need to first decouple the Maxwell equations.
Start by taking the curl of the 4th Maxwell equation

VX(VXE)Z#OVXj+uOGO%VXE

Using 3rd Maxwell equation and

02B

V(V-B) - V2B = 1oV x j — e

12
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Using the 2nd Maxwell equation and putting field terms on one side

02 ~ -
(Moﬁoatz - V2> B = uoV xj (34)
We could similarly start from the 3rd Maxwell equation and take curl
VX(VXE)——QVXE
ot
and using 4th Maxwell equation
= 9j OE

Using the 1st Maxwell equation

d? q 9j 1
<#0608t2 - V2> E= —Hog, ~ gvp (35)

Importantly, in vacuum, j: 0 and p = 0. Therefore, we have two wave equations

- OE

20 _
V°E = Ho€o 8t2
- 9°B

2p _
VB = Ho€o 8t2

The phase speed of this wave is common and is
1
v Ho€o

which is the speed of light in vacuum. These equations are linear, and therefore we can construct an
arbitrary wave from the simple solutions of these equations by superposition.
The simplest solution is the plane wave solution (start with electric field)

CcC =

o E’Oei(E~r"—wt)

where Eo is some constant amplitude.
Plugging this solution in enables us to find the dispersion relation

. 19E
2E_

T 2o

The laplacian operates as

V2B = Byv2eiFren = Beiren( g2 )2 g2y |iPf

T Yy z

The double time differentiation produces

%f Y
Thus )
IR = —-
w? = A|k|? (36)

Similar result is valid for magnetic field.
We now want to derive how differential vector operators alter the wave fields £ and B. We start with
divergence

V- E=V. (Bt

But, for any vector ¢ and scalar f

V- (10) = () + (o) + g f) = £V 0) + (V) -0 (37)

13
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Hence, in our case for constant v

V- E = (VeF=wD) . By = i(kyi + kyj + kk)e!F7=D . By = ik - B

So L.
V-E=1ik-FE (38)
Similarly, using
VxE=ikxE (39)
and, as we have already shown
V2E = —(k-k)E = —(K*)E = —|k|*E (40)
Finally
o - .
Therefore, Maxwell equations for waves in vacuum become
k-E=0
k-B=0
kxE=wB
FxB=-LuE
c

From the first two equations, it follows that E 1 k and B L k. From the other two equations, it follows
that £ L B and thus we have £ 1 B 1 k.

2 Static Fields in Matter

2.1 Field of Electric Dipole Moment

Consider two stationary point charges, one at position ry with value —g where g is positive charge, other
at position 7y + dl with value q.
The scalar potential from these charges is

() = /qér—ro+dl))—q5(77’—770>) L= 8 <|q (41 = ~1ﬁ>
P

4meg |7 — 7] deg 7o +dl)| 7= 170l

If we consider a potential in big distance || >> |di[, this can be approximated as

1
() ~ —L-V'
dmeg |7 — 7| E

o

dl

=70

Where V' is taken with respect to 7 coordinates. Using symmetry of |7 — 7/ | and

O T T e I -7 =
|7 =7l [’ =71 A G

qdl - (F— )
47T€0|Ff 7:‘0|3

Hence
o) =

We can now define the dipole moment of these two charges as

-

p=qdl

Then, we have

a() = LT (12)

47T€0|’r' — ’1”0|3

where 7 is the position of the dipole with moment p.

14
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2.2 Polarization Vector

Now, assume that we have a medium which is made of positive and negative charges. When we apply an
external field, these charges separate slightly from each other, so a dipole moment between each pair of
the charges occurs. To describe a continuum of dipoles, we introduce polarization vector. The polarization
vector is effectively a dipole moment density - it gives an overall electric dipole moment per some small
volume dV. Therefore, polarization vector P is defined as

_ dp

P= (43)

where dp is the overall electric dipole moment, created by adding together all dipole moments in small
volume dV'.

Now, assume we have some finite continuum of volume V described by polarization field P(7), and for
simplicity assume that there is no free charge present - electrical field E is only created by the dipoles, not
by any extra charges.

What is this electric field? We will derive it from the scalar potential. The potential from all the dipoles
is (because Maxwell equations and potential equations are all linear)

<I>(F):/Vd<I>(F,F’)

where d®(7,77) is the potential from the dipole field at position 7. Using

-
/

dp(r’) - (7 —17)

| 3

a(7) =

v Admeo|T —

And using definition of polarization

~» - - = —
/

4)/ ) () PO )

47reo|r—77\3 v Adrmeg|F —r'|3

We can now try to find out what effect will this polarization field have on Maxwell equations. Assuming a
static case, the electric field is simply
E=-Vo

Hence the divergence of this field is
S T
V.F = _V2p — v2/ Md?’r’
v Areg|F — |3

Since we integrate with respect to different variable, we can move the laplacian inside the integral

V- E — _ P(TI) . 2 T — i/ d3,r,/ — _ P(T/) vQ v/ 1 _ dS,r,/
|7 — |3 v 4meg |7 — 7|

v 4meg
Since we can exchange the order of partial derivatives

<

Using

SV (O(F — 7)) dPr =

V-E:/ﬁ(r)

v €0
P(r') 0 3. JAGI I o /P . 3.
= =0 d ) d d

/v € Oz’ (7=’ + v € 0y U )

These integrals are essentially the same, only with respect to different elements. The 3D Dirac delta
function is just the product of 3 1D Dirac delta functions, so

—

(T —1")=6(x—2)o(y—y')o(z—2)

15
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To solve them, consider a integral

I:/ f(ﬁ)ié(F—ﬁ)dgr’:/ f(a:',y',z')(s(y—y’)é(zfz)15(x7x)d:z:’dy’dz
1 oz’ v ox’

We can clearly factorize the integral in ¥’ and 2/, so we have (where X' is the range of 2/, and similarly for
other components)

I—//dm//dy //dzfx y', 2oy — y)é(z—z)aa S(x—2') = f(gc Y,z )aa/ (x — z')dz'

Using substitution u =z — 2’ (2’ =z — u)
du = —dx’
0 ou 0 0

o' 0r' ou  ou

So, the integral becomes

1= [ f6 gt - e’ = [ fa =) gLidu

Using integration by parts

u

of(x —u,y, z
1= [ 5o - w2 gt = [ = w2, - [ LIS D s
U
where [glu = ¢(Umaz) — g(Umin) Substituting in back for v =z — '

I= U6 = — [ OS5y

Tmin

if Zmin # 2 and Tyq. # T, then the expression inside the bracket is zero (this corresponds to divergence of
the field at the point of position of point charge - we will simply assume that this bracket is always zero).
Therefore

) o, Ofy )| 0f(ay,2)
I= X ox! Ow —a)da’ = ox! . B ox
So, we have shown that
9 _ 0f(»)
/X f(x)ats(x — z)dr = 55 (45)

Hence

0re Oye Oze €0

We can superpose this with the Gauss’s law for free charges p, and thus obtain expression for divergence

of F in a form of .
. .P
v.E_r_Y
€0 €0

(46)
We could also transfer the polarization term to the second side and multiply by €y to get
V- (cE+P)=p
We now define a new variable, called electric displacement field, as
D=eE+P (47)
Then, we obtain a variant of Gauss’s law for polarizable media

V-D=p (48)

16
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2.3 Magnetic Dipole Field

Consider a small current loop, consisting of a current I flowing in circle of radius dr. Lets choose a
cylindrical coordinate system with origin at the centre of the circle so that the circle is inside the zy plane.
The current density can be then expressed as

J(®) =7(r, b, 2) = Té40(r — dr)d(2)

for current in é, (anti-clockwise) direction.
The magnetic potential from this loop is

A7) = / pog(7) /%/ / poléyd(r’ —dr)é(z )r/dz’dr/d¢>/
47r|7’—7"| Ar|7 — 77|

the integral in z is trivial, so

A7) - /2”/ polégd( —d),d,d¢

47|77 — 7|

Since éy = —sin¢’ 7 + cos ¢'j only depends on ¢’

27 ~
T/ poléy /
A(F) = ————drd
) /0 Il — dré| T
Decomposing é4 and €,/ to cartesian components
/T(F):/QW MOI(—sinqb’%—i—cosqb’j:)
0 4my/(z —drcos¢)2 + (y — drsing’)? + 22

drdg¢’

The fraction can be simplified as follows

1 1
f= . = —
Vo dreon g P+ - drm Pt 2 g | pkem e
Marking |#] = r, we then have
fo 1
T\/l - 2dr(zcosi5;+ysin¢’) + dTL;’

For small dr << r, this can be approximated as

! 1 dr / )
fwr(1_dr<ms¢>'+ysiw~>) r<1+ (cos¢ +ysm¢)>
2
Hence ,
A(P) = /‘407{‘:7” / <_ sin ¢'i + cos ¢’j) (1 + %(x cos ¢’ + ysin ¢/)> ¢/ =
0
,U()Id’l’ 2m ) P 27 - o
~ —singidg’ + cos ¢ jdd’ + (—Sln¢z+cos¢J) ($COb¢ + ysin¢’)d¢’
7r 0 ; ;

The first two integrals go to zero. Therefore, we are left with

2 271
A(F) = poldr / (—sin¢'i + cos ¢'J) (ysin ¢’ + x cos ¢ )dp' =
0

473

- IMQId’I"Q 2

2m 2m 27
3 [— / yisin® ¢'d¢’ — / zising’ cos¢’'dy’ + / yj cos ¢ sin ¢'de’ + /
dmr 0 0 0 0

The middle two integrals again go to zero. The other integrals are standard

L o+ (771 — cos(2¢) yi sin(2¢/)1%" A
2 1 /) et S /_ -
/0 yisin® ¢'de 7yz/0 5 do =3 27T—|: 5 ]O = ymi

17
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And similarly

27 R l‘] 27 R
/ zjcos? ¢'de = o (/ (1 +cos(2¢'))d¢') =znj
0 0
. polmdr?
Ar) = 47r3

If this formula is to be useful, we need to transform this result into the vector language. We can notice
that

Therefore we have

(—yi + xj)

So, also using r = |7

polmdr? ~
A(T) = k
(7) = B x )
We now define the magnetic dipole moment as
ji=1S

where [ is the current in the current loop and S is the vector of the area that is bounded by the loop, in
direction of right hand rule. In our case X
i = Indr?k
Therefore, we have
. T
4

This was chosen in a special coordinate system centered on the dipole. If the dipole is instead at the
position 7, we have

A(R) = M (49)

Az| — 173

2.4 Magnetization Vector

Similarly as for polarization, in a medium in which current loops are present, these current loops together
create a magnetic moment in the medium. So, we define a magnetic moment density - magnetization - as

. di
(\d = —
av (50)

where dji is the overall magnetic moment of all the current loops inside small volume dV. Therefore, the
vector potential at some point 7 induced by magnetic moments of a finite medium of volume V' is

&m:/d&Fﬁ
1%

where dA( 7) is the element of vector potential at 7 due to magnetic moment at = Using

4r|F — 713

Using definition of magnetization

—

R 51

Ar|7 — 7|3

We can now similarly try to see how such magnetisation influences Maxwell equations, specifically the 4th
Maxwell equation. Again, consider the case When no free currents are present - all currents are closed small
currents causing magnetization. Then, since B=VxA

VxB=Vx(VxA)=V(V-A) -VA
The divergence of magnetization potential is

() % (7 T () x (7 —
vsz/ /‘LOM( ) (_/: )d?)r/:/ @V <M(T)><(f T)>d37"1
14 |4

An|F — '3 4m

18
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Using (T6)

v. <W> = (V x M(ﬁ)) <|;_;]3> 71\2(77) (Vx <|7j—;/|3>>

Since M only depends on 17, V x M (1) = 0. Furthermore, as

7 ~1
— =V | ——
|7 — /|3 <|F—r’>

we have, by

Therefore

And thus we are left with

. . Lo 1
VxB=-V2A=-v2 [ L20i) x v o
v 4T |7 — 7]

Moving the laplacian inside of the integral

VXE:—/@V2 M(r) x V' 1#
v 4 |7 — /|

We now strictly speaking need to prove another vector identity - we need to find the value of V(@ x b).
In cartesian components, choosing the & component

2 2 2
@(%bz —azby) + aTJg(aybz —azby) + @(Gybz — azby)

-

(V3@ x b)), = V2 (ayb, — a.b,) =

For each of these terms, we can do following operations

o? 0 0b,  Oay ob, Oa,

&%%@‘%W—ax@wu+aﬁf”wn—aﬁﬁ—
0?b, da, Ob,  O?a, 0?b, da, Ob, 0%a,

B S ro R e A R

Summing all the terms

-,

(V3@ x b)), = a,V?b, — a,V?b, +b,V?a, — b,V?a, +2(Va, - Vb, — Va, - Vb,)

We however cannot do much more simplification here. However, if vector @ is constant, we obtain simple
result

-, -,

V3(@ x b) = x (VD)

Hence in our case above

VxB=— [ Py« (v (v (=L ) ) ) e
v 4m |77 — /]

Swapping the partial derivatives and using

VxB= / jo () x V' (6(7 — 7))dr’
|4

Using for each term of each component of M x V'(3(7 — r')) leads to

VXE:uOVxM
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Hence, for a medium were there are both source currents and magnetization (but no changing electric field),
we have . .

VXB:ﬂoj+u0vXM
Transferring M term to the second side

V x (B — poM) = poj
We can now define .
H=—B-M
Ho

as magnetic field intensity. Then, the Maxwell equation becomes (without the electric component variation
and after dividing through by pg)

-

VxH=3j

2.5 Complete Maxwell Equations in Matter

We have now seen why Maxwell equations change form when inserted into media. It should be noted that
we only illustrated this on a case of a static field, but the results are generalizable to the dynamical fields.
For those, the Maxwell equations in matter become

V-D= (52)
V-B=0 (53)
. 0B
E=-"= 54
V x 5 (54)
- - 9D
H = — 55
V x It 5 (55)
where ~ L
D=¢FE+P
and
L1 4 L
=—B-M
Ho
In the static case, the last two equations become
VxE=0
and L
VxH=j

2.5.1 Linear Materials

An important approximation comes from the linear materials. In linear materials, both polarization and
magnetization vectors are proportional to the applied field as

ﬁ = 60X6E_: (56)
and = B
M =xnH (57)

where x,, and y. are magnetic and electric susceptibilities, respectively.
In this case
D =¢FE+exeFE =¢(l+x.)E=¢FE

where € is called the permitivity of the medium.
Similarly . B . . =
B = po(H + xmH) = po(1 + xm)H = pH

and p is the permeability of the medium. These relationships can be then easily modified for anisotropic
linear media by replacing scalars ¢ and p with tensors/matrices.
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2.6 Polarization Surface Charge Density

Now, consider a boundary of a medium with another medium, the cross-section of which is presented in the
figure below. The xy plane forms the boundary (we are close to it so it appears planar), the electric field
in material 1 is El, in material 2 EQ, and similarly for all other variables. The normal vector 7 is normal
to the boundary and points towards medium 1.

We introduce a small box symmetrical around the boundary of height h, with faces of areas |dS;| = |dS,| =
ds.
z
]31 g 7
dS Ey o1
n X
P 4
2 P2
{d@

From the 1st Maxwell equation for E in vacuum with polarization from a medium

/V.Ed3r:/ <p—V'P>d3r’
1% v \ €0 €0

where V is the volume of the box. Using vector Gauss’s law

. L 1. -
/V-Ed?’r:j{ E.dS = ﬁd%«—f ~P.dS
v )% v €0 av €0

where d9 is a surface vector element of the box surface V. If we shrink h — 0 and take small dS , the
surface integrals over the sides of the box vanish, and we are left with just

L. L . . RmdS  hdS 1/~ 4 s
jf E-dS=FE -dSi + By -dS, =222 + 22, 2 (P1 ~dSl+P2~dSQ>
v 260 260 €0

Because h goes to 0, both volume charge density terms are much smaller than the polarization terms,
assuming that p does not diverge anywhere. Then

L L 1 /2 o o~
By -dSy + By Sy = —— (Pr-a$ + P - dS)
€0
Since the faces are opposite, dS; = dSh = —dS(—n) = —dS,
So )
Ey -7dS — Ey - 7dS = — (P, - 2dS — Py - 1dS)
€0
Dividing through by dS and factoring out 7 (since scalar product is distributive with respect to vector

sum)
1

(Elfﬁg)~ﬁ::(ﬁgfﬁ1)'ﬁ (58)
0

Therefore, if there is a discontinuity in polarizations, there occurs a discontinuity in electric fields as well.
The meaning of this discontinuity can be further enlightened if we consider a different case - consider a
situation where P = 0, but p diverges on the boundary as p = po(z,y, 2) + o(x,y)d(2), where py does not
diverge and o is some surface charge density localised on the boundary of the surface (§(z) is the Dirac
delta).
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Then, the 1st Maxwell equation is

V.E— po +06(2)
€0
Repeating the integral as before
. . - 0 hdS hdS
/ V- Ed*r = (E, — Ey) - 7dS = @d‘?’r —|—/ L(Z)dzsr = —po1 + —poz2 + gdS
v Vv €0 v €0 2¢€p 2¢€p €

Again neglecting the volume charge density terms

(By — Ey) ="
€0

Hence we can see that the polarization discontinuity creates the same effect as if there was some surface
charge density 0. We usually than talk about bound surface charge density, as this density is only due to
displacement of electric dipoles, which are, by definition, bound to the opposite charge in the pair. We
usually denote the bound surface charge density as o, and by combining the results, above, we can see that

Op = (132—]31)~’fl (59)

This is the so called bound surface charge density, or polarization surface charge density. Importantly, we
can notice that if we rearrange

I L1
(Bt 2P (Bt ) a-
€0 €0

(E160+ﬁ1—(E260+ﬁ2))'ﬁ:(ﬁl—BQ)'ﬁZO

Multiplying by €q

So, for non-divergent p (the free charge volume deunsity), the dielectric displacement field is always contin-
uous. If p is divergent on the surface by some free surface charge density o¢ (not the bound charge density,
this density is due to real charges present in the medium being concentrated on the surface, as is the case
for example for charged conductors), we then have

(Dy — Dy) -1 =0y (60)
Which again follows from the same setup as above, and using in form

V~5:p:af5(z)

2.7 Magnetization Surface Current Density

Similarly as above, the boundary conditions for fields not-continuous in magnetization will lead us to
creation fo boundary sources, but this time surface current densities (with dimensions AL™!, current per
meter).

We will us a so called Amperian loop in the plane perpendicular to the boundary, as depicted in figure
below.

Again, in the direction perpendicular to the boundary, the loop is of height &, which we will shrink towards
0, and small length dl in direction [ parallel to the boundary. The oriented normal surface vector of the
surface bounded by the loop is 715 (for surface inside the same plane as the loop), the normal boundary
vector is n and thus, they are connected via relations

l="Ns XN
Nne="n X1
n=1Xn,

We now use the 4th Maxwell equation for static field to find the integral over the surface bounded by the
loop with surface vector ns. The integral over the surface S is

/(VXE)'ﬁsdsi/ (uonr#oVXM)'ﬁst
s s
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The integrals with curls can be transformed by Stokes’ theorem into closed integrals over the loop, so we
have

7{§~df:uo/f-ﬁsd5+uo N dl
a8 S oS

Inspired by the previous case, we allow for non-divergent and divergent parts of the current density, as

F=J5+7ss0(2)

where ;f is the free current density in the volume, and fs ¢ is the free surface current density, restricted to
the surface of the boundary.

z
M, g/
i
| PO
| j fis into paper ‘ A
h| ] =
i J1 T4
|
| . ]E,Z —
i Ja }
v
dl
So, we have
f B.di= uo/jf dS + oJag - Predl + o § N - dl (61)
as S as
For small h and dl, the integrals become
R ~ S A S T S s h = h
B-dl = B1(F) -ldl — B1(’I‘ + ldl) n§ — BQ(?” + ldl) TL§ — By - ldl + BQ(F) . 'fl§ + B1(fj n§
oS

where 7 is the position vector along the [ direction. If we choose h << dl, this becomes

B-dl'= B -ldl — By -ldl = (B, — By) - ldl
9S8

By exactly analogous reasoning

M -dl' = (M, — M) - idl
oS

The integral over the surface becomes approximately (h — 0)
/Sj'f isdS = (51 + Jt2) ~ﬁs%dl =0
Hence, we have, by substituting into
(By — Ba) - ldl = pgjys - frsdl + po(My — My) - ldl
The surface current density term can be trasformed as
Jfs - fedl = Jr - (A x D)dl

By rules for mixed vector product o
jfs'(ﬁXl):l'(jstﬁ)
So, after dividing through by dl, the condition becomes

—

(B — Ba) -1 = po(jys x 7)1+ po(My — Ma) - (62)
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Now, we need to notice a useful identity that enables us to express the magnetisation term in such direction
that it can be seen that this term creates the surface current density as well, but this time bound surface
current density. So, consider

A x (A x (My — M) = a(n - (My — My)) — (- 7)(M; — My)
where I used standard Lagrange’s triple vector formula. Since 7 is a unit vector
i x (i x (My — My)) = (i - (My — Ma)) — (M — Mo)

Now, if we take the dot product with [ of both sides

—

(A x (A x (My — My))) -1 = (a(f- (My — My))) -1 — (My — My) -1
But, since [ and 7 are perpendicular, we obtain
(i x (i x (My — Mb))) -1 = —(M; — M) -1
Or . = . . o
((ﬁx (Ml—Mg)) Xﬁ)l:(Ml—Mg)l
Or, switching one more sign
(((My — My) x 7)) x #) - [ = (My — M) -1

Inserting this into our equation

(B1 — By) -1 = puo(fps x 7)1+ po((My — My) x ) x ) -

Since the vector product and scalar product are both distributive over vector addition

(Br = Bs) -1 = po((jys + (Mp — M) x ) x 1) -1 (63)

Hence, we see that the magnetisation discontinuity creates the same effect as surface current density fbs,
given as
Jbs = (Mg — My) x 7o (64)

This is the predicted bound surface current density, due to the discontinuity in magnetisation. We should
also notice that from , we can derive

(By — poMy — (B — poMa)) = po(jys x 70) -1

Which can be reexpressed in terms of H as

(Hy— Hy) -1 = po(jps x 1) - 1 (65)

And thus the only discontinuity in the H field is due to the free surface current density.

2.8 Other Boundary Conditions

Using the same setups as for previous two cases of boundary conditions but exchanging the electric and
magnetic fields, the gaussian pillbox with 2nd Maxwell equation leads to

/v.édvzjf ]§~d§:(§1—]§g)~ﬁd5‘:/0dV:0
Vv oV 1%
So . B
By =By (66)

So, the normal component of the magnetic field is always continuous.
For the amperian loop setup, we can use the 3rd Maxwell equation, which for static fields is

VxE=0
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So, the integral over the surface becomes

/(VXE)-d§: E-df:(El—Ez).dziz/ﬁ-d§:0
S S S

So

Ey - l=E5-l (67)
Therefore, for static fields, the parallel component of the electric field is always continuous.
Therefore, we have a set of four boundary conditions - the normal component of the eletric displacement
field D is discontinuous only by free surface charge densities as

(D_'lfD_’Q)"fl:O'

where o is the free surface charge density. The parallel component of the electric field is always continuous.
The normal component of the magnetic field is always continuous as well, but the parallel component of
the magnetic field intensity vector H is discontinuous by free surface current density as

(ﬁl—ﬁg)iz(,};x&)l

3 Oscillating Fields in Matter

To understand the oscillating fields in matter, we first need to understand how free charges respond by
movement to applied electromagnetic field. In many situations, the Ohm’s law proves to be a very good
approximation of behaviour of the free charges.

3.1 Ohm’s Law

The Ohm’s law states that the current density 5 of free charges that responds to the electric field E is
determined as
j=9E (68)

where g is the conductivity of the material (again, could possibly be a tensor for materials that conduct
differently in different directions).

The conductivity can be estimated from the Drude model for conductivity. In this model, we assume that
the force on the charges includes some velocity dependent friction term, so that the Newton’s second law
for the charge carriers is

0] S m
m— =qF — —v
a1 T
where 7 can be interpreted as the mean time between collisions of the charge carriers with the immobile
matter elements (atoms, nuclei etc.). When the charges reach a terminal velocity ¥y, it follows that dstd =0
SO m
0= qE — 7{)’d
T
So
L qT 4

Vg — —
m

Multiplying by the charge of the carrier ¢ and the carrier density n, we then obtain the current density as

2

- ng°“T =
j=qnig="1"F
m
So, we can see that from this model
2
ng<T

9= (69)

m

One direct application of Ohm'’s law is the charge dissipation for conductive materials. Take the continuity
equation
dp

A
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Using Ohm’s law

op -
X _v.(gE
5 (9E)
for constant g
dp
X _ W -E
ot~ Y
Using 1st Maxwell equation in matter (assuming linear medium with constant permitivity)
dp 1= 9o R gp
— =—gV-(-D)=—-=V:-D=—-="=
ot A € ) € €

This is a standard differential equation, leading to

p=po(Fe <"

which leads to the decreasing value of p in the medium as time passes. But, since this is only valid inside the
medium, not on the boundaries. So, all the charge that dissipates from the medium goes on the boundaries
of the object.

3.2 Wave Equations in Conducting Matter

Now, we take the time dependent Maxwell equations in matter with the Ohm’s law and linear isotropic
materials approximations. Taking the curl of the 3rd Maxwell equation

. OB O,uH_’ 0 =
- _ = =
V x(VxE) V x " V x uthH

Using the identity for curl of a curl and substituting for V x H from the 4th Maxwell equation

. . 8 ([~ 0= 8 ([~ 0=
V(V-E) = VE =~z (g + atD) = —ns (j n eatE)

Using 1st Maxwell equation for V - E and assuming that the volume charge density inside the materials is
p = 0 (neutral medium, or a good conducting medium), we arrive at

L 9. 9% .
2 o 7
V*E = o) + ,ue—atQE
Using Ohm’s law
#\ = OE
2
— e | B — pg =
(V Mec’)t?) ey 0 (70)

This is a wave equation same equation as for the vacuum waves, but we have an extra damping term,
proportional to the conductivity g. We should therefore expect that conduction in materials causes the
charges to act against the change in the field (similar principle as predicted by Lenz’s law).

We should also notice that for insulating media where g = 0, this becomes exactly like the vacuum equation,
but the speed of the wave is not ¢ but —— (more on this later).

/T
Similarly, taking the curl of the 4th equation first

. . o -
Vx(VxH):ij+V><§D
Using constitutive relations and Ohm’s law (which is effectively also a constitutive relation)

V(V-ﬁ)—v2ﬁ=VXgE+E%VXE

Using V- H = iV . B = 0 and 3rd Maxwell equation

- -0 o 9\ 0B oH  0*H
—_ 2 = — _ — — —— PR
V‘H ngE—i—eathE (g+68t> 5 ugat I BT
Hence .
0%\ = OH
2 — _— — _— =
(V euatz) H — pg 5 0 (71)
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This is exactly the same wave equation as , but for magnetic field intensity vector H.

We can see that these wave equations are linear, therefore, we can use principle of superposition to build
complicated wave patterns from easy patterns. So, we should first try whether the plane waves are the
solutions for this equation.

Choosing the equation for E for example and plane wave

F= E*Oei(zz-rtwt)

and substituting into the wave equation

0%\ = 0 =
2_ - —_— =
(V ueatz)E MgatE 0

We can still use relations - , so we are left with
(<7 — pe(—w?) B - pg(—iww) E
Dividing through by E , we are left with a new dispersion relation
722 g
k= pw (6 + z—) (72)
w

We can see that this can be only satisfied if k is complex. We will explore this later. Now, when we know
that we can make plane waves into solutions of these new wave equations, we need to inspect again the
Maxwell equations in matter.
The 1st equation becomes

VD ik B —ps

For neutral medium
S0, E L k. The 2nd equation is

Sok-H=0and k L H.
From the third equation
L o o 0B .
VXE=ikxFE=——=1wuH
ot
which means that H L E and H 1 I;, so the relative positions of H and E are the same as for B and E in
vacuum, with wavevector k still pointing in the direction of transport of energy.

3.3 Boundary Conditions for Oscillating Fields

For oscillating fields, which are time varying, we need to reformulate some of our boundary conditions. As
first two Maxwell equations are independent of time, the boundary conditions associated with them, i.e.
discontinuity of D as in and continuity of B asin remain unchanged. However, the 3rd and 4th
Maxwell equations in matter include a time dependence, so their respective boundary conditions change.
Furthermore, we need to ensure that the charge is conserved in this system, so the continuity equation will
present another boundary condition. We start with the condition due to 3rd Maxwell equation.

Again, we use the same setup - an Amperian loop with long dimension parallel to the surface with parallel
vector [. The loop is oriented so that the oriented area element has direction ng for which ny, = n x [.
Taking the integral over the area of the loop of the 3rd Maxwell equation than is

4 OB
/(V x E) - (nsdS) = —/ — - (nsdS)
Using constitutive relation for B and assuming p is constant

S e OH
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We will only consider oscillating fields, for which we can consider H wavelike, so

—

aa—jj = —iwH

So, using Stokes’ theorem to transform the integral of curl of E

fﬁ-dl":iw/ﬁ.(ﬁsd&
S S

For small dl and h, as defined before, this becomes
- A h . - - = = = h - -
(B — By) - ldi + g (By(7) + Eo(F) — By (7 + dl) — Ey(7+ di)) = diSieops, - (H1 + HQ)
and when we choose h << dl, we then have

(B By -i=0

Ei-l=FEy-1

Therefore, for oscillating fields, we still require that the parallel component of E is continuous on the
boundary (in fact, this would apply for any H for which its time derivative is finite), which is exactly the
same condition as before.

Similarly, for the 4th Maxwell equation in the same setup

L L | L
(Hl—Hg)-l:(jfsxﬁ)-l—&—a(—iw)/D-dS
S

If we again assume that D is finite here, then the integral goes to zero, and
(ﬁl—ﬁg)-iz<ijXﬁ)'lA

Using Ohm’s law o
Jrs = (91E1 - js)ifs

where j'fs is the unit vector in the direction of ffs, and we only take the component of E parallel to
boundary, as ffs is restricted to boundary. But, this must be also applicable from the perspective of the
second medium, so . L

Jfs = (92E2 - Jrs)ifs

But, since the parallel components of the E field are continuous over the boundary, Es» -J fs = E, -J ts- But,
since gy is generally different then g1, we have a problem - our two equations are inconsistent.
The only way how to make them consisten is to say that we could not have written them in the first place,
which could only be the case if we could not define the direction j ts, which is only true if jfs =0.
This then means that
Hy-l=Hy-1
and the H field’s parallel components are continuous.
The continuity equation is

ap -

N v

ot J
we will allow for p to include a free surface charge density, so

p=pr+osé(z)

Now, imagine a Gaussian pillbox in the standard setup as described before. Doing the integral over this
pillbox of the continuity equation leads to

. 0
/ Vo jav =2 [ (or +opa(a)av
% tJv

Using Gauss vector theorem and integrating over the Dirac delta function

f j‘-dﬁ:—g (/ pfdv+afds>
% ot \Jy
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For small dS and h

=2 2 ~ 8 h
(J1 —J2) - ndS = 5 <2d5(pf1 +pr2) + deS>

If we choose h << V/dS, then
0
ot

Since we are considering oscillating fields, we can assume that if the o is non-zero, it will be oscillating at

(51 - 32) “h= af (73)

frequency w, same as the frequency of the fields H and E , as
wt

of = 0p€

So, the boundary condition becomes
(jl —]2) 'ﬁ:i(.cJO'f
Using Ohm’s law . B
(g1E1 — ggEg) . ﬁ = iWUf

But, we already have a boundary condition involving Eando £, it is the condition on dielectric displacement
field, which for linear materials is

(.51 752) ‘N = (€1E1 762E’2) 'TAL:CTf
In order for these two conditions to be consistent, we require
(1 E1 — goBo) -1 = iw(e1 By — e2F2) - 1

Dividing by iw
(ﬂﬁl — @EE) N = (61E1 — €2E2) N

Hence, using % = —i and separating E, from E,
<61 n iﬂ) B h= (62 n ig—Q) By-h (74)
w w
This means that the normal component of the field (e + zg) E is continuous on the boundary.

3.3.1 Material Specific Boundary Conditions

Summarizing the independent boundary conditions in matter for time oscillating fields, we have

E -l=FEy -1
By -A=DBy n
Hy - l=Hy-1

The main difference when compared to the static field boundary conditions is the last equation, which is
also material dependent via the conductivities g . Therefore, it is useful to consider two extremes - an
incidence on a non-conducting material, where go = 0, and incidence on a perfect conductor, when go — co.
For the case g5 = 0, the equation becomes equation

gdf:()

which leads to static surface charge density, which is consistent with boundary condition on D for static
field, so the field D is only discontinuous if there is a static charge on the surface of the non-conductor, and
for neutral non-conductor/dielectric, the D field is then continuous.

For g5 — oo, from Maxwell 4th equation

.. 0a .
V x Hy :jg—kaDg = (gg—lWGQ)EQ
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This curl is only finite if Ey — 0, so E5 must be zero everywhere in the material. From the 3rd Maxwell
equation

. o - .

VXEy,=0=—-——B; = i/.LWHQ
ot

which means that Hy = 0. Thus, in perfectly conductive materials, the electromagnetic fields cannot be
non-zero. But, this condition destroys the argument for continuous parallel components of H, so now, the
condition on Hy is R .

Hi-l=(js xn)-1

The condition on D becomes simply

3.4 Complex Wavevector

Usually, we denote the complex wavevector differently, say E, so that it is clear that its a complex number.
The simplest model we can come up with for the complex wavevector is to be simply multiplied by some
complex number z. We then usually choose z as

~l

— ke =k +iw)=Fk+id

&
kL o
Then the dispersion relation is

where & = a— is the imaginary part of the complex wavevector.

K2 = pw? (e + ig>
w

2
2
P <1 mz) _ i <1 L0 %)
|| k| |E|?

Denoting |k| = k, we then obtain

where

k% + 2iak — o® = pw? (e + z'g>
w

In order to satisfy equation in both real and imaginary part, we require

k? — o? = pew?

and
2ka = uwg

We can solve these equations for k and a. Starting from the imaginary part equation

o Mg
2k
So 2 2 2
Hwrg
k* — 12 = pew?
2,2 2
k4_M€w2k2_M°jlg —0
So

12 ,uew2 + \/M2€2W4 + p2w2g?
B 2

Since k is real, we need to ensure that k2 is positive for all values of w, so we choose only the positive root,

SO
2 2
2 _ Hew /1.9
k* = 5 (1 +4/1+ 6%2) (75)
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By substitution back to the equation for «

)
1 2 2
oo Mgl g Lof1e 9
2 w?

k 2 Jhew? €2
So
ug®
a? = Ze (76)
(1 +/1+ %)
Usually, we denote
2
=1 1
B + + 2,2
So then )
Jew
k=
5 B
2
o2 = 19
2¢f3
Sometimes, we also use the complex index of refraction n. The classical index of refraction is defined as
v % w

where v is the phase speed in the medium. So, here it is defined by extension as

c
n w( + i)
So that we have
P = SR = e+ i) )
n° = —k* = uc’(e +i=
w? K w
We can also use other classical analogue, and that is the relation for phase speed of the waves
1
V= —

NG

To derive

n? = ep

which can be used to introduce complex permitivity € as

n? = c?ue (78)
and thus, combining with the previous equation
.9
79
e=¢+ > (79)

This will be further explored later.
Because the wavenumber is complex, the plane wave becomes

F— Eoei(ﬁ.r-—wt) _ E’Oei(l_c“?—wt)—&-iz&f _ Eoei(;;.r-—wt)e—a.r-

Hence, the wave behaves exactly like normal plane wave, only gets damped by an exponential factor as it
travels inside the medium. Therefore, the phase speed of the wave is classicaly

w
v=—
k
The classical index of refraction of the wave is
c ¢
=—-=—k=R
n=- e(n)
And, the phase speed can be also expressed as
2 = i = 1
pe  pRe(e)

So, the real part of these complex variables relates to the plane wave nature of the waves, while the
imaginary part relates to the damping part of the waves.
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3.4.1 Material Dependent Complex Variables

Again, we have seen that most of the variables are material dependent, as all can be derived from E,
which depends on 8 parameter, which depends on conductivity of the material. Hence, it is useful to again
consider some extreme cases - dielectrics with ¢ = 0 and perfect conductors with g — co. Lets start with
the dielectric case. The beta parameter becomes

2
B=1+/1+ L5 =14+Vi=2
€e“Ww

The real part of the wavevector becomes

. ueoﬂ
)

k> B = pew?

which is the classical vacuum like dispersion relation
The complex part of the wavevector becomes

2B de

2 2
aziﬂiﬂg —0

So, we the wavevector, is purely real, k=Fk. Similarly the index of refraction

k=n

c
n=—
w

and permitivity is

e:e—i—ig:e
w

Hence, we return to standard planewaves.
We expect very different behaviour for perfect conductors. For these, the 8 parameter becomes

2 2
B=1+/1+ L ~14/ L 1+ L L
e2w? e2w? €W ew

So, the real part of the wavevector is

2 _ ke’ g pwg
2 ew 2

The imaginary part is

Hence, for perfect conductors

The complex refractive index becomes

c c : N
=—k=—(1 k=(1 0

n=— w( +1i) (1+4)c 5%

and the real and imaginary parts are also equal (we need to use first order definition, as higher order mixes

the imaginary numbers, which breaks the model). For a good conductor, g is usually big, which means that

n is also going to be very big.

The case is similar for the complex permitivity.

3.5 Drude Lorentz Model for Electric Susceptibility

In Drude-Lorentz model, we imagine that the electrons in the matter behave similarly as harmonic oscilla-
tors. We let the electrons to be coupled to the heavy nucleus by a spring with spring constant k£ and allow
for some damping term to be present, so that the equation of motion of the electron is
> dr _
m—s +my— + kr=qFE
az " 1
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where ¢ is the charge of the electron (or other charge carrier, for which the model is applicable), given that
the electron is much lighter than the nucleus, so we can neglect the motion of the nucleus induced by the
field E.

For oscillating field E = Eoe*th, the steady state will be reached when 7= e ™!, where direction of 7%
does not need to be parallel to E. From the equation of motion we recover, using

m(—w?)F — iwm~F + ki = qF
k _
(—w? —iwy + —)F = 91E
m m
Since for classical simple harmonic oscillator, the natural frequency is wg = 4/ %, we then can write

2 2 . o q =
2 _41F
(Wi — w® — iwy)T -

But, as the electron gets further away from its nucleus, it creates a dipole moment
p=qr
In a volume dV, the total electric dipole moment is
dp = ndVqr
where n is the density of oscillating electrons in the matter. So, the polarization vector is
P= j—g = nqr
Substituting from the motion equation of the electron

- 1
E 2 2

ﬁ:nqg
m (wf —w

— iwy)

We can see that for a fixed w, this is predicts a linear behaviour with E, so we can determine the electric
susceptibility as

ﬁ = Gox.ﬁ
So )
- ng -
FE =
cox m(wd — w? — iwy)

We therefore see that the susceptibility will be complex, so we will denote it now as x to highlight this
fact. By removing the complex part from the denominator, we conclude that

2 2, 2
ng wh +w . wry
X e <(w0 —w?)? +w?y? * Z(w% —w?)? 4+ w272> (80)

So, the permitivity is

2 2 2 2
nq wj —w nq Yw
e=¢(l+x)=€+— +i1— 81
fo(l+X) =<0 m (wg — w?)? + w2y? m (wg — w?)? + y2w? (81)
From our previous formalism, we had
e=c+ i
w
and thus also .
k? = puw’e
Therefore ) ) ) )
- nq Wi —w ng Yw
k? = pw? (€0 + — +i—
Hw (60 m (W2 — w?)2 + w2y? m (w2 — w?)2 + 122
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3.5.1 Extreme Situations in Drude-Lorentz Model

Again, we will try to apply the model to some extreme conditions. One of these is called the thin plasma
approximation, for which we assume that the electrons are essentially free, so we assume that £ — 0 and
thus wg — 0. Then
2 2 2
n —w N w
€€+ iﬁ + Ziﬁ
m w* + yw m w* + y*w

We can also assume that in plasma, the electrons move without friction, so v — 0, and thus we are left

with
2 2 2
n 1 n w
e—>60—q2:eo(l— q2):€0<1_2>
m w megw w
q2

where wg = ;—m is called the plasma frequency. Hence, we have that the permitivity is purely real and

. wp
€ =€ =¢ 1—; (82)

K2 = pw’e = pe(w? — w?2)

This means that the wavevector is

Hence, if w < wy, there is an imaginary part of k and the waves get strongly absorbed in the plasma. This
can be also observed as strong reflection, but no transmittion of the waves on the plasma interface, which
is sometimes used in radio signals bouncing from ionosphere.

Other limit we could take would be for w << wp in the original Drude-Lorentz expression and assume

v << wp. If we take the first order approximation, we will only disregard terms of order “’—z Then, the
Wo

permitivity becomes

2 2 2 2
n wy —w n w
Tt r?z 3 T TZ e
4 w? ~2w? 4 w? 2w?
“o [(11«%) * wé} “o [(1 )+ ws]
2 2
We can see that the imaginary part becomes very small. Also, the term 2%~ is very small, so the permitivity
wo
becomes 5 5 ) s ) )
n wh —w n wi —w n 1
6%60—}—7(1 0 :€0+7q 0 :60+7q 3

m 4< w2>2 m (wg —w?)? m wi — w?
Wy -~ 3
“o
Hence, we have only a real part again, so the index of refraction is also real only (in our approximation,
w << wp, so € > 0). The index of refraction is

2
n? = juc’e = eopuc? (1 + nq212>
m wi—w

We then see that the index of refraction increases as w increases, which is also what we observe for many
materials in nature (blue light is refracted more than red light, because it has higher frequency).

A specific approximation is the conductor approximation, where I will assume that the charges are light
and almost not bound, but strongly scattered, so that effectively m — 0, k& — 0, but wy remains finite, and
v — 00, but my remains finite. Then, the permitivity becomes

2 2

€ = ey + ng? Wo — W + ing? Rhad R~
0 m(wg — w?)? + my2w? m(wg — w?)? + my2w?
2 _ 2 2
Wi —w w n
%eo+nq2 0 +inq2 i %€0+ii
(myw?)y mey2w?

Comparing this to the relation for complex permitivity

€E=c+ zg
w
we find that in this limit, € — €y and
2
ngq
g —
my

which is a very similar expression to that in Drude conductivity model. We can therefore see to some
extent what the parameter  represents - a frequency of interactions with other parts of the matter that

slow the electron down, as % corresponds to 7 in Drude conductivity model.
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4 'Topics in Optics

We will now discover a few topics in optics of perfect neutral dielectrics. For these, the boundary conditions

are . .
Dy -n=Dy-n

where 7 is the unit vector normal to the boundary
Bi-i=DBy-n
Ey-l=FE,-l

where [ is any unit vector parallel to the surface, and

Hy-l=Hy-1

Since the medium is non-conductive and no free surface charge density can be therefore present. Hence,
D-n, E-l, B-nand H -l are all continuous.
Furthermore, we will only limit our discusion to oscillating fields, for which we define

F= Eoei(“-rtwt)
H= ﬁoei(E~F—wt)

where k L H | 57 which can be shown from Maxwell equations.

4.1 Wavenumber Treatment of Boundaries

We will start by simply applying these boundary conditions without considering the orientation of the
electric field/magnetic field intensity. When a wave is incident on a boundary, it can be generally transmitted
and reflected. We will first discover the reflection case. The geometry is set so that z axis is pointing into
the medium from which the wave is incident and the origin lies within the boundary. This is expressed in
figure below

&

=L

Here, the reflected wave travels with ET and the incident with EZ There is still some transmitte wave
with l;t in the other medium, only it is not drawn in the figure. Because the parallel component of E is
continuous, we must have . . A o

(Bi+E,)-i=E,-I

(E’ioei(kii‘fwt) + Eroei(zz,..pwt)) = Etoei(zzt.ﬂm) v

But, this must be true for all points along the boundary, which can be only satisfied if the arguments of
the exponentials are equal, so
ki T—wt=k, 7F—wt=k 7— wt (83)

Hence, for the reflection case
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Comparing this to the image, we can see that the difference of the vectors is purely normal to the surface,
which means that both El and E,« lie in the same plane perpendicular to the surface. This plane is called
the plane of incidence, and enables us to the 2D geometry in otherwise 3D problem.
Since (15} — ET) is normal to the surface, the vector product with n will be zero, i.e.

This means that

and since 7 is a unit vector . .
|ki| sin 0; = |k,|sin 6,
Since the incident and reflected waves are in the same medium, we have |k;| = |k,|, and thus
sinf; = sin 6,
6; =0, (84)

Similar line of reasoning can be used for the transmitted wave.

z 1
Ez (Ez‘ _ %t) r
(ki— ki) -1
1:'

(0]

o,

l Fy

Again, from , we require
(ki — ki) - 7= 0

So Et also lies in the plane of incidence. Again, using the vector product
|k;| sin 0; = |k¢| sin 6,

But, now the transmitted and reflected waves are in different media, so 6; # 0,.. Using the definition of

real index of refraction
k
n=—c
w

We then have, since frequency must be the same in both media

ki k,
ucsin 0;, = Mc sin 6,
w
And thus
n; sin 0; = n; sin 0, (85)

These relations were determined just based on the wavevector properties, but we now have no information
about the orientation of the E/H fields in the transmitted and reflected waves. We also have now informa-
tion about the relative magnitudes of these waves. To find this, we need to derive more general equations,
called the Fresnel equations.
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4.2 Fresnel Equations

For Fresnel equations, we will consider a linearly polarised EM waves, so that Eo is constant in time. Then,
any wave incidence can be modelled as superposition of two wave polarisations - the normal polarisation
and parallel polarization.

4.2.1 Normal polarization

For normal polarization, Ey is perpendicular to the plane of incidence and thus parallel to the surface of
the boundary. Therefore, by boundary conditions

(Eio + ErO) = EtO -
|Eio| + | Erol = | Eyol

However, the H field is not entirely parallel to the surface - the situation is as presented in the figure below.

In the figure, I already used the general result that 6, = 6;. Snell’s law will be used as well, only later.
But, the parallel component of H has to be continuous for insulating media, so we must have

COS 91|ﬁ10| — COS 0i|ﬁr()| = COS 9t|ﬁt()|

From the third Maxwell equation, we have

- 0B
VxE= o
For wavelike F , using , and using B = ,uﬁ

- o oH
ik x B = T

For wavelike H , using o .
itk X B =iuwH

kx E = puwH

But, we know that kL E, SO

where H is the unit vector in direction of H. Therefore, in any insulating neutral media with wavelike E
and H, we have

k|| E| = pw|H]| (86)
Hence o
- k| =
|H| = —|E]|
Hw
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and thus
o

. n, -
- |E| = —|E]|
[ls s

where n is the index of refraction. In our case, if we multiply the equation for parallel components of H by

¢, we obtain
cos 0;(c|Ho| — ¢|Hro|) = cosbic|Hyo|

So, using our new identity, and since the reflected wave is in the same material as the incident one
- ni, = ng =
cos 0;(—|Eso| — —|Ero|) = cos 0y — | Ey|
i 12 Hi
We can now substitute for |Et0| from the equation for the parallel component of E derived above, so
n: = - ng , = -
COSgiJ(|Ei0| — |Er0|) = COS(gtf(|E7;0| + |ET0|)
i Mt
Now, we can introduce the reflection coefficient r, which predicts the amplitude of the reflected wave via
|Ero| = r[Eso
Using this definition, we have

COSQiE|E_:¢0‘(1 —r)= cos&tﬁ|ﬁio|(1 +7)
i Mt

Dividing through by |Ejo| and solving for r

cosﬂiﬁ(l —r)= cos@t&(l +7)
Hi Kt

g ¢ ¢ n;
—cosf; — —cosb; =r ( cos b + — cosb;

i Het Ht Hi
Hence v
% cosf; — % cos 0; a7
Tn =
" %0089i+%C089t (87)
where the subscript n indicates that this is the normal incidence regime.
Similarly as we defined r, we can define transmission coefficient ¢ as
|Eto| = t|Eiol
So, the parallel E component equation becomes
|Eiol + 7| Eio| = t|Ejo
So
t=14r
And so v
2% cos 6,
ty = 1 (88)

N4 n¢
i cosh; + 2t cos b
i it ot t

4.2.2 Parallel Polarization

In the case of parallel polarization, we can use similar reasoning, but the roles of E and H are now switched,
as should be clear from the figure below.
Since we have H fully parallel to the surface, we must have
|Hiol + |Hro| = [Hiol
Multiplying by ¢, we obtain

, N n;, - N ng -
c|Hio| + c[Hyo| = NJ(|E1'0| + [Erol) = ;t|Et0|
7 t
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Using the definition of r the reflection coefficient and ¢ the transmission coefficient and dividing through

by |Eio| . .
“(147r) =t

Hi Ht

The second equation follows from the continuity of parallel component of E_", for which we require
cos 9i|Ei0\ — oS 9i|Er0| = oS 0t|Et0\

Again, using ¢t and r
cos0;(1 — 1) = cos bt

Hence n ng cos 6
i t i
E(l )= Lt cos Oy 1-r)
So
r <m cos @ + ntcos@,-) = Ecosﬂi — Ecos@t
Mg 1223 1243 122
So

2t cosf; — ™ cos 0,
t Hi

I
” (89)
p ne¢ <. n;
Lo cos 0; + Lo cos 0;

We can use this to find ¢ i
=214
Hoi Tvg

~

So v
2 % cosb; 90
t, = :
P Z—:cosﬁiJrZ—;cos@t (90)

Therefore, we have two pairs of Fresnel equations, for parallel and normal polarization. If we than have
a general linear polarization, we can split it into parallel and normal component, and use the Fresnel
equations to find their reflected/transmitted amplitudes, and then sum the components back together to
find the whole reflected /transmitted wave.

4.2.3 Combination with Snell’s Law

To combine the Fresnel equations with Snell’s law, we will assume that p; =~ p; & po, which is usually
a quite good approximation (we strictly do not need to do that, but it makes the equations a lot easier
without a significant loss of precision). Then, the Fresnel equation for normal reflection becomes

n; cos 0; — ny cos 0,

n; cos 0; + n; cos 6;

From the Snell’s law, we know that
n;sin@; = n; sin 0,

39



PX2683 - Electromagnetic Theory € Optics Formulae list and derivation

So, we can rewrite our equation as
cos 0; — =t cos Oy
_ i

" cosb; + Z—f cos 0,
Using Snell’s law

in6; . . .
_cost; — sing. cos by __sinf;cos; —cosf;sinf;  sin(f; — 0;) (91)
T 080, + S0 cocp  sinf, cosf; + cosfysinb; sin(0; + 0;)
cost; + Sin 6, COS Ut t % t 7 t %

We have therefore rewritten r in terms of just the transmission and incidence angles, which can be sometimes
more useful form. However, probably most useful form is the predictive form, in which we only use the
incidence angle and indices of refraction and we do not reference the transmission angle. To derive this
form, start from the original expression for reflection with permeabilities assumed constant, so

n; cos 0; — ny cos 6,

Ty =
n; cos 0; + n; cos 6,

s

Now, we express cos 6; in form of sin ;. Since 0; ranges from 0 to I, we can write

2
_ 12
cosf; =1/1 —sin“ 6,
Since Snell’s law must apply, we have
_ i 2
cost = 4[1— —5sin” 0;
ng
So, we have
2
n< .
n; cos; — ng -k sin? 0,
t

T =
n;cos0; +ngy /1 — — sin? 0,

t
We can now define n = Z—Z as the relative index of refraction and divide both the numerator and the
denominator by n; to get

cosf; —ny/1— #sinza

o =
cosf; +ny/1— #sinzﬁi
By moving the n inside the square root, we obtain
0. — 2 _ gin2 6;
- cos 0; n? — sin” 6; (92)
cos; + v/n2 —sin?6;
From the relation ¢ = 1 + r, we can obtain both the angular and the predictive form of the normal
transmission coefficient as n (6, — 0)
sm(o¢ — U;
th=14 —————= 93
Or N
cos 0;
th = £ (94)

cos; +v/n2 —sin? 0;

We can do a similar analysis for parallel reflection and transmission, starting with transmission

sin 6; . . . .
ng cos B; — n; cos 0y sing; COS 0; —cosf;  sin6; cos; — sin b, cos b,
ng cos 0; + n; cos 0 :ig zi cos; + cosb, sinb;cosb; + sinb; cos b,
t

But
sin 6; cos 8; — sin 8, cos §; = sin 0; cos Oi(sin2 6; + cos? 0¢) — (Sin2 6; + cos? 0;) sin b, cos 0, =

= (sind; sin 6;)(cos §; sin 0;) + (sin 0; cos 0;) (cos ; cos By ) — (sin 6; cos ;) (sin 6; sin 6;) —
—(cos 8; sin6;)(cos 0; cos 0;) = (sin §; cos ; — cos §; sin 6;)(cos §; cos ; — sin §; sin 0;) =

= sin(0; — 6;) cos(0; + 6;)
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Similarly
sin 6; cos 8; + sin 8, cos §; = sin 6; cos 9i(sin2 6; + cos® 0:) + (sin2 6; + cos? 0;) sin 0y cos 0; =
= (sind; sin 6;)(cos 0; sin 0;) + (sin 0; cos 0;) (cos ; cos 0 ) + (sin 6; cos 0; ) (sin 6; sin 6, )+
+(cos 8; sin 6;)(cos 0; cos ;) = (sinb; cos 8, + cos b; sin ;) (cos 6; cos §; + sin §; sin 6;) =

= sin(6; + 6;) cos(6; — 6;)

Hence
_sin(0; — 0;) cos(6; +0;)  sin(0; — 0;) cos(0; +-6;)  tan(0; — 0;)
ke sin(6; + 0;) cos(0; — 0;)  cos(0; — 0;) sin(6; +0;)  tan(6; + 0;)
50 tan(6; — 6,)
an(6; —
P tan(6; + 92) (95)
and
=1+ tan(6; — 6,) (96)

tan(6; + 6p)
To find the predictive form, we start again from

1 29 -
ng cos 0; — n,; cos 0, —azsin® 0 p2c0g 0; — \/n2 —sin®6;

r, = = =
P vy P - / -2
e costy +micosty oo 0; +4/1— n—lzsm2 9; n*cost; +/n?—sin”0;

ncosf; — /1

So
= n?cosb; — \/n?2 — sin? 6, (97)
n2cosb; + \/n? — sin? 6,
and

2n2 cos 0;
- n~ cos (98)

n2cos; + v/n2 — sin’ 6;

4.2.4 Special Cases

Two special situations can occur - first is that for n > 1, it can happen that n? cos#; — v/n2 — sin®§; = 0.
We can check that this happens at n = tan fp where 0p is a specific incidence angle

i sin’ 0 .9 sin’ 0 . 1—cos20p sin’fp sin?6p
5 cosbp — 5 —sin“ 0 = —sinfp 5 = — =0
cos? O cos? O cosfp cos? O cosbp cosfp

In this case, we can see that 7, = 0 and the reflected wave is fully polarized normal to the plane of incidence.
This angle is called the Brewster angle.

Second situation occurs when n < 1. Then, beyond certain f¢, \/n2 — sin? 6; is no longer defined (square
root of negative number). Here

sinfc =n

and at this critical angle, the light is fully reflected back into the material, and the situation is called the
total internal reflection.

In case we are dealing with metals, the indices of refraction become complex, but the relations, particularly
for the normal incidence, remains the same for the reflection and transmission coefficients.

4.2.5 Normal Incidence

For case of normal incidence 6; = 0, we have

n; — Ny 1—-n

Tn:ni—&-nt_l—i—n
2
" 14n
_nt—ni_n—l
Tp_nt—knl-_n—i—l
4 = 2n
Pn41
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4.2.6 Plasma External Reflection

Consider the thin plasma model, which predicts that

wp
e=¢|l1-—
w2

2 2

w w

n? = ey -2 |~1-—
w

where I used 1 ~ pp. This means that the index of refraction for frequencies higher than w, is always
smaller than 1, so the internal refraction can occur in plasma for any material, including the vacuum. This
peculiarity is called the total external reflection.

This means that
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